The abstract boundary construction of Scott and Szekeres provides a 'boundary' for any n-dimensional, paracompact, connected, Hausdorff, C ∞ manifold. Singularities may then be defined as objects within this boundary. In a previous paper [1] , a topology referred to as the attached point topology was defined for a manifold and its abstract boundary, thereby providing us with a description of how the abstract boundary is related to the underlying manifold. In this paper, a second topology, referred to as the strongly attached point topology, is presented for the abstract boundary construction. Whereas the abstract boundary was effectively disconnected from the manifold in the attached point topology, it is very much connected in the strongly attached point topology. A number of other interesting properties of the strongly attached point topology are considered, each of which support the idea that it is a very natural and appropriate topology for a manifold and its abstract boundary.
Introduction
In the paper 'The attached point topology of the abstract boundary for spacetime' [1] , a topology for a manifold M and its collection of abstract boundary points B(M) was constructed. The topology, referred to as the attached point topology, represents one of the more natural topologies that can be placed upon the abstract boundary. It was produced via obvious extensions to the abstract boundary point definitions, and did not require any additional conditions to be placed upon the manifold or its boundary. However, it was demonstrated that it was possible to separate the manifold and its abstract boundary by disjoint open sets of the attached point topology. The manifold and its abstract boundary were therefore disconnected from one another in some sense. Even so, the fact that the attached point topology was Hausdorff was a pleasing result and suggested that the attached point topology was a good starting point in producing a topology that is more descriptive of the topological relationship between a manifold and its abstract boundary.
Because the abstract boundary is produced via embeddings of the manifold, the abstract boundary exists in a space separate to that of the manifold. sarily contains some part of the manifold M, i.e., the abstract boundary is topologically inseparable from the underlying manifold M.
In section 2, the abstract boundary will again be defined as a matter of convenience. The strongly attached abstract boundary point definition is developed in 3, which describes how an abstract boundary point may be related back to M. The strongly attached point topology, which utilises the previously mentioned definition is presented in section 4. Various properties of the topology are then discussed in sections 5, 6, 7 and 8.
We refer the reader interested in the g-boundary, b-boundary and cboundary to [2] , [3] and [4] . For those interested in the more recent causal boundary, see [5] , [6] , [7] , [8] , [9] and [10] .
Within this work, we use the following fact frequently and so formally present it here for ease of reference. Let g be a Riemannian metric on a manifold M, and let Ω p,q denote the set of piecewise smooth curves in M from p to q. For every curve c ∈ Ω p,q with c : [0, 1] → M there is a finite partition 0 = t 1 < t 2 < ... < t k = 1 such that c | [t i , t i+1 ] is smooth for each i, 1 ≤ i ≤ k − 1. The Riemannian arc length of c with respect to g is then defined to be L(c) = 
The Abstract Boundary
For the convenience of the reader, we will provide the definition of the aboundary in this section. For a more complete discussion of the a-boundary, see [12] , [13] , [14] and [15] . It will be assumed that all manifolds used in the following work will be n-dimensional, paracompact, connected, Hausdorff and smooth (i.e., C ∞ ). The manifold topology will be employed throughout the paper unless explicitly stated otherwise. The principle feature of the a-boundary construction is that of an envelopment. The characteristic feature of a boundary point is that every open neighbourhood of it (in M) has non-empty intersection with φ(M).
Definition 4 (Boundary set) A boundary set B is a non-empty set of such boundary points for a given envelopment, i.e., a non-empty subset of ∂(φ(M)).
It is important to note that different boundary points will arise with different envelopments of M. In order to continue, a notion of equivalence between boundary sets of different envelopments is required. This equivalence is defined in terms of a covering relation.
Definition 5 (Covering relation) Given a boundary set B of one envelop-
In essence, this definition says that a sequence of points from within M cannot get close to points of B ′ without at the same time getting close to 5 points of B. See figure 1 . 
Strongly Attached Boundary Points and Sets
The attached point topology was defined by topologically relating the abstract boundary points of a manifold M back to the points of M via the definition of an attached boundary point. We include this definition and the definition of an attached boundary set for the benefit of the reader. attached to an open set U then that set U will always be more 'spread out'
along the boundary under the given envelopment. 
It is also strongly attached to U 2 and so there exists an open neighbourhood Proof:
The result then follows directly from proposition 20.
In general, B U will not be closed in ∂(φ(M)) or M because not all the limit points of B U are necessarily strongly attached to U. See figure 6 and 
Given that the strongly attached boundary point definition limits the Proof:
non-empty. In addition, since φ is an embedding, the non-empty set U =
is an open set in M. We then have that p is strongly attached
Proposition 23 The intersection between two elements of W must be examined. Consider
In considering this intersection, there are three subcases to check:
In the first case we have that
It follows that B 3 = ∅, where B 3 is the set of abstract boundary points that are strongly attached to U 3 , and thus
ii) For this case,
, it is strongly attached to both U 1 and U 2 , so by lemma 13,
, it is strongly attached to U 3 = U 1 ∩ U 2 and so is strongly attached to both U 1 and U 2 . That is, [p] ∈ B 1 ∩ B 2 and so
iii) This case cannot exist by lemma 13. Specifically, if
there exist abstract boundary points that are strongly attached to both U 1 and U 2 , and hence
another element of W. Thus the elements of W form a basis for a topology on M.
Definition 24 (Strongly attached point topology) The strongly attached point topology on M is the topology which has the basis W.
The attached point topology required that sets of abstract boundary points be added to the collection of basis sets V. This was done to ensure that the sets of V did in fact define a basis for a topology on M. Because there exist basis sets 
this is not true in general. ). Around each x n define an open set U n = {(x, y) :
}. See figure 8. By construction, in M, for any n, U n ⊂ M and thus U n has no strongly attached abstract boundary points, i.e., B n = ∅ and
around p and consider some a ∈ B1
will be contained in some U n . Since this is true for every a ∈ B1 Choose ǫ > 0, and for each x ∈ M, let U x be the open ball U x = {y ∈ M :
d(x, y) < ǫ}. Now consider the envelopment φ : M → M and a boundary point p ∈ ∂(φ(M)). We know that p / ∈ φ(U x ) since d is a complete metric on
is an open neighbourhood of p in M which does not intersect φ(U x ), and so p is not attached to U x . By lemma 12, p is also not strongly attached to U x . It follows that no boundary point p of any envelopment of M is strongly attached to U x , which implies that U x has no strongly attached abstract boundary points, i.e., B x = ∅.
It follows that M is open in M and thus B(M) is closed because M\B(M) =
M is open. shows that this is not the case for the strongly attached point topology.
As discussed in the introduction, the abstract boundary points can therefore be regarded as being firmly affixed to the manifold M with respect to the strongly attached point topology.
Corollary 30 
Contact Properties of the Strongly Attached Point Topology
A number of important properties of the strongly attached point topology will now be presented.
Due to the way that abstract boundary points are constructed, two abstract boundary points may share some of the same topological information. Definition 38 (Contact ⊥) Let p ∈ ∂(φ(M)) and q ∈ ∂(φ ′ (M)) be two enveloped boundary points of M. They are said to be in contact (denoted
if for all open neighbourhoods U and V of p and q respectively, This definition can be shown to be well-defined. See theorem 3.10 of [14] .
Definition 41 (Separation of boundary points ) Two boundary points p ∈ ∂(φ(M)) and q ∈ ∂(φ ′ (M)) are separate (denoted p q) if there is no sequence {p i } ⊂ M for which {φ(p i )} → p and {φ ′ (p i )} → q. Equivalently, the boundary points p and q are separate if there exist open neighbourhoods U and V of p and q respectively such that φ
Equivalently, from definition 39, two boundary points p ∈ ∂(φ(M)) and 
If [p] [q] then there exists an open neighbourhood U of p ∈ ∂(φ(M))
and an open neighbourhood
We also have that p is strongly attached to φ −1 (U ∩ φ(M)), q is strongly attached to φ ′−1 (V ∩ φ ′ (M)), and from lemma 13, p is not strongly attached to φ ′−1 (V ∩ φ ′ (M)) and q is not strongly at-
. Furthermore, it also follows from lemma 13 that there exist no abstract boundary points which are strongly attached to both
, and an open neighbourhood 
The results of this section are summarised in table 1 which shows the correspondence between the contact properties of two enveloped boundary Hausdorff separability is lost between abstract boundary points which are in contact with each other, and therefore, also when one of the abstract boundary points covers the other. In many ways, this is an expected result.
As has been stated previously, two abstract boundary points which are in contact with one another share a certain amount of topological information, and thus they do not represent two truly distinct points. This property is Figure 9 : the boundary point p ∈ ∂(φ(M)) is equivalent to the closed bound-
, where q ∈ B. It follows that p ⊲ q, but q ⋫ p.
reflected in the loss of Hausdorff separation in the strongly attached point topology. And so, while it is desirable that a topology for M be Hausdorff, it can be seen that the lack of separation between abstract boundary points actually provides us with information about the structure of the abstract boundary itself. Moreover, it can be argued that Hausdorff separation is not lost between truly distinct abstract boundary points (namely those which are separate). Instead, it is lost between abstract boundary points which represent different parts of some 'larger' entity.
We note that, in general, the strongly attached point topology on M will be T 0 separated only, as there will be occurrences of p ⊲ q, q ⋫ p for boundary points p ∈ ∂(φ(M)) and q ∈ ∂(φ ′ (M)).
We will now determine if the strongly attached point topology is first
Figure 10: two envelopments of the two-dimensional Misner space-time with respective metrics: ds 2 = 2dψdt + t(dψ) 2 and ds 2 = −2dψ
The curves λ 1 and λ 2 are null geodesics. We may construct a sequence along φ(λ 1 ) that converges to p. It follows that the image of this sequence under φ ′ converges to q. The boundary points p and q are therefore in contact.
The curve φ ′ (λ 2 ) is an element of a class of geodesics that spiral around the space-time and approach the waist. The image under φ of each such geodesic is a straight vertical line similar to φ(λ 2 ) that approaches some point of the boundary set ∂(φ(M)) of which p is an element. It follows that p ⋫ q as we can construct a sequence that converges to q along one of the spiraling geodesics in φ ′ (M) whose image under φ does not converge to p. By a similar argument it can be shown that q ⋫ p.
countable.
Proposition 46
The strongly attached point topology on M is first countable.
Proof: A topological space X is said to be first countable if, for each 
We have thereby shown that the strongly attached point topology for M is first countable.
Optimal Embeddings and Partial Cross Sections
When presented with a solution to the Einstein field equations in a particular coordinate system, it is not necessarily the case that these coordinates properly display all of its global and physical properties. In practice, this often amounts to determining if the space-time is a proper subset of another, larger space-time. The abstract boundary is therefore the natural boundary construction to use when considering extensions to space-times, given its utility in dealing with multiple envelopments at once. An envelopment in which all of the global features of a space-time are evident may therefore be referred to as an optimal embedding.
In order to be able to choose an envelopment in which all of the global features of a space-time are properly displayed, the structure of the abstract boundary must be understood. If a boundary set of an abstract boundary point is present in an envelopment, then we would like to know how the abstract boundary point represented by this boundary set is related to other abstract boundary points. More specifically, we seek to know things like:
is the abstract boundary point represented by that boundary set contained in some other abstract boundary point in some sense, i.e., is the abstract Partial cross sections are therefore important because, ideally, they can be used to simplify the abstract boundary to something more manageable. In turn this can lead to the realisation of optimal embeddings. For further details on optimal embeddings see [14] . Of particular interest are partial cross sections of the following form:
Example 48 Each envelopment (M, M, φ) defines a partial cross section In practice, the abstract boundary of a space-time is studied by considering its envelopments. It is therefore highly desirable that the natural topology T σ φ of a partial cross section σ φ agrees with the topology on σ φ induced by the strongly attached point topology. That way, the topological features of the boundary may be studied in the natural topology of an envelopment and any results shown to be true in that envelopment will also hold in the strongly attached point topology on the whole abstract boundary
B(M).
In the following proposition we show, assuming a condition holds, that the natural topology T σ φ of a partial cross section σ φ agrees with the topology on σ φ induced by the strongly attached point topology.
Condition 51 Consider an envelopment (M, M, φ) with boundary ∂(φ(M)) =
∅.
There exists an open neighbourhood V of ∂(φ(M)) in M and a C 2 congruence of curves {λ p } on V such that: 
We now consider whether any other abstract boundary points in σ φ are 
where each U i is a non-empty open set of M and B i is the set of all abstract boundary points which are strongly attached to 
Consider a boundary point q ∈ ∂(φ(M)) such that q ∈ N p . It is clear that construct an open neighbourhood of T σ φ (str) that doesn't contain abstract boundary points additional to those contained in U. Even so, condition 51
is not very restrictive and may even hold in general. At the least, we have been unable to construct a space-time in which it does not hold.
Conclusion
There are many topologies that can be placed on M. They will not all be physically useful, however. Ultimately, a topology should provide a structure for M which aids us in answering physical questions about M. Ideally then, the topology should connect the abstract boundary to the manifold in a physically meaningful way, and the resulting structure on M should conform to many of our intuitive ideas regarding the behaviour of 'missing points', i.e., abstract boundary points, from the manifold M.
The strongly attached point topology was defined similarly to the at- Perhaps the most important property of the strongly attached point topology is that the topology induced by the strongly attached point topology on a partial cross section σ φ associated with an envelopment φ : M → M generally agrees with the natural topology on σ φ . In practice, the abstract boundary is studied via envelopments of the manifold M. Consequently, the embedded manifold φ(M) and its topological boundary ∂(φ(M)) already have a topology defined on them with which it is very easy to work. It is therefore very useful that the topologies agree on the partial cross sections σ φ as it means that any topological result which holds in an envelopment (which, again, is where the abstract boundary is studied in practice) will also hold with respect to the larger topology on B(M).
Without a topology on M we cannot say 'where' singular points are with respect to the manifold M. A topology on M should therefore relate the abstract boundary back to the manifold M. Moreover, it should ideally do so in a natural way, i.e., the topology should describe the singular points in a way that agrees with our intuitive ideas of how a singularity is related to the manifold. It has been shown that the strongly attached point topology does indeed relate the abstract boundary back to the manifold in a way that encompasses many of our intuitive notions of the nature of a topological boundary. For these reasons, the strongly attached point topology appears to be a particularly good choice for a topology on the set comprising a manifold and its abstract boundary.
